The use of induced joints is a common cracking control measure used in the design of roller compacted concrete arch dams. Currently, in some projects in which radial twisted joints were used, during the construction period, some cracks appeared around the induced joints while the joints themselves failed to open. From the fracture mechanics point of view, this problem is related to the variations in the spatial formation of the induced joint planes. In this study, we formulated numerical examples involving square plate and cylindrical arch dam with joints of various planar spatial formations and used the virtual crack-closure technique and the Richard brittle fracture criterion to obtain the equivalent stress intensity factor of the joint plane, and we studied the joint plane stress intensity factor based on the variations in the joint plane formation angle. Based on the reciprocal of the normalized stress intensity factor, we obtained the equivalent strength correction coefficient for induced joints of varying plane angles, referred to in this study as the joint plane formation factor ( ), in order to reflect the influence of varying joint plane formations on the induced joint cracking. Our study results show that as the joint plane angle continuously increases, it is more difficult for the induced joints to open, which implies a gradual increase in the equivalent strength of the joint plane. Therefore, in the actual design of rolled concrete arch dams, the straight transverse joint layout should be used for induced joints. If the use of the radial twisted joint layout is necessary, the joint plane angle should not exceed 10 ∘ .
Introduction
In the roller compacted concrete (RCC) arch dam projects, the planes of transverse joints and induced joints are generally planar, folded, or curved [1] ; considering their spatial formation, the planar induced joints are straight transverse joints, while folded and curved joints can be considered radial twisted joints (see Figure 1 ). At present, in some projects that use radial twisted joints, a phenomenon has been observed in which some cracks appear around the induced joints before their opening and prior to the impoundment of the dam. For example, this problem occurred in an RCC arch dam located in the southwest China, where the radial twisted joint layout was employed for induced joints (see Figure 2 for details). In view of this phenomenon, some researchers have proposed that radial twisted joints are not conducive to the normal opening of induced and transverse joints in RCC arch dams.
Therefore, a comparative study on the effect of various joint plane formations on the induced joint cracking is needed.
At present, most experimental research on induced joint cracking focuses on the weakened areas of the induced planes. The equivalent strength model created by Professor Zeng Zhaoyang [2] accounted for the cracking effect of induced joints at a structural level and found that the cracking size was related not only to the material itself, but also directly to the shape, size, and the layout of joints. However, the model did not take into consideration the influence of the joint plane formation. In addition, some researchers have studied the problem of noncoplanar induced joint layout based on fracture mechanics [3] and discussed the feasibility of an oblique layout of induced joints but have simplified the noncoplanar induced joint cracking into two planar problems: within the horizontal plane and within the vertical plane perpendicular to the radial direction. This approach cannot effectively reflect the spatial effect of the noncoplanar induced joint cracking problem. Strictly speaking, induced joint cracking is a three-dimensional fracturing problem; many scholars have made many research achievements in this field [4] [5] [6] [7] [8] . Therefore, a three-dimensional approach is necessary in order to analyze the stress on the induced joints of various spatial formations and to study the cracking effect of various joint plane formations of induced joints.
Based on stress variation characteristics of roller compacted concrete arch dam and the cracking variation patterns of induced joints, in this article we formulated numerical examples involving finite square plate and cylindrical arch dam with joint planes of various spatial formations and used the virtual crack-closure technique to study the variation patterns of fracture parameters under different loading conditions. Based on the Richard brittle fracture criterion [9] , we obtained the equivalent stress intensity factor of spatial joints and studied the stress intensity factor based on changes in the joint formation angle. Based on the reciprocal of the normalized stress intensity factor, we obtained the equivalent strength correction coefficients for induced joint planes of various angles, in order to reflect the influence of various joint plane spatial formations on the induced joint cracking.
Joint Surface Cracking Parameter Determination Methodology
. . Virtual Crack-Closure Method for Surface Cracks. At present, the main method for the determination of the stress intensity factor [10] is through direct extrapolation based on the displacement or the stress near the tip of the crack. In order to improve the accuracy of the results, singular element is often used. In addition, by using the equivalent area integrals, such as the J-or M-integral, near the crack tip, or by employing the virtual crack-closure method [11, 12] to obtain the energy release rate, the stress intensity factor is obtained through transformation. In view of its simplicity and reliable accuracy, in this study we used the virtual crackclosure method to obtain the cracking parameters of surface cracks.
Since the induced joints can be treated as unispatial surface cracks, the virtual crack propagation method is used to calculate the strain release rate with the following formula:
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where I , II , and III are the strain release rate components of the three types of cracks, respectively; Δ is the surface area of the virtual crack extension along the leading edge of the actual crack tip;
(1) (Δ − , 0), (1) (Δ − , 0), and (1) (Δ − , 0) are the stress components of the virtual crack extension line along the leading edge of the actual crack tip; Δ (2) ( , ), ΔV (2) ( , ), and Δ (2) ( , ) are the opening displacement components of the virtual crack extension line along the back of the virtual crack tip.
. . Energy Release Rate and Stress
Intensity Factor Transformation. After using the three-dimensional virtual crackclosure method to obtain the energy release rate, (2) should be used to calculate the three-dimensional stress intensity factor.
where I , II , and III are the stress intensity factors of the three types of cracks, respectively; I , II , and III are the strain release rate components of the three types of cracks, respectively; is the elastic modulus of the material; ] is the Poisson ratio of the material.
. . Equivalent Stress Intensity Factor. As mentioned above, strictly speaking, induced joint cracking is a threedimensional fracturing problem. Currently, no unified theoretical criterion exists for the mixed-mode (I+III, I+II, II+III, and I+II+III type) fracture problems due to the complexity of the mathematical calculations and difficulty in experimentation. In the recent 30 years, the Pook criterion [13] and the Richard criterion [14] have been the most influential three-dimensional mixed-mode fracture criteria. Even though the twisting angle 0 of the Pook criterion takes into consideration the three types of stress intensity factors I , II , and III , however, the deflection angle 0 used in the criterion is not related to the mode III stress intensity factor III . Richard considers this as inconsistent with the actual conditions of three-dimensional fractures. Therefore, this study uses the Richard criterion to obtain the equivalent stress intensity factor of joint planes.
The Richard criterion is essentially the maximum principal stress criterion, expressed as 1 . This criterion assumes that the cracks extend in the direction perpendicular to the maximum principal stress 1 . However, because the series of theoretical formulas of the 1 criterion are too complex and inconvenient to calculate, Richard simplifies the theoretical formulas and establishes the crack condition analysis and the initial crack angle equations.
The Richard criterion deflection angle 0 equation is as follows:
where 0 is the deflection angle of surface cracks; when
The twisting angle 0 equation is as follows:
where 0 is the twisting angle of surface cracks; when
The calculation coefficients = 140
0 . The equation for the I+II+III mixed-mode equivalent stress intensity factor −I,II,III is as follows:
where 1 is the ratio of I / II , 2 is the ratio of I / III , with I , II , and III as the fracture toughness for modes I, II, and III. Richard assumes that 1 = 1.155, and 2 = 1.0. ∘ . The plate was loaded on both sides and two types of loading conditions were considered: an axial tensile loading and a compressive shear loading. The corresponding computation model is shown in Figure 3 . 
A Comparison of the

( ) Results Analysis ( ) Variation Patterns of Joint Plane Stress Intensity Factors.
Using the virtual crack-closure technique, the energy release rate of each node at the front edge of the crack under different loads can be obtained. The equivalent stress intensity factor at the front edge of the joint plane can be obtained after altering (2) and (5). The distribution curve of the stress intensity factor along the thickness direction under different loads (see shows that as the angle between the transverse joints and the twisted joints gradually increases, the equivalent stress intensity factor along the front edge of the joint gradually decreases. The change in the equivalent stress intensity factor of the transverse joints was minimal, while decrease in the equivalent stress intensity factor of twisted joints was more significant.
( ) e Equivalent Stress Intensity Factor Variation Patterns for Various Joint Plane Angles.
In order to facilitate the comparative analysis of the stress intensity factors of various joint plane angles, the front edge equivalent stress intensity factors of the joints were averaged, as shown in Table 1 . Generally, the average equivalent stress intensity factor of the joint decreases as the joint plane angle increases, and the reduction trend under the shear loading is greater than that of the axial loading.
In order to study the variations between the stress intensity factor and the changing joint plane angle, the transverse and twisted joint angle of 0 ∘ was set as the benchmark. The average equivalent stress intensity factor values for various joint plane angles were normalized. The variation curves are shown in Figures 6-7 . The normalized variation curves show that as the joint plane angle increases, the equivalent stress intensity factor of the transverse joint essentially remains the same, while that of the twisted joint is significantly reduced.
Under the axial tensile loading, when the joint plane angle increased to 25 ∘ , the twisted joint plane stress intensity factor was reduced only by 2%. At the same time, under the compressive shear loading, when the joint plane angle was 5 ∘ , the twisted joint plane stress intensity factor decreased by 2%; when the angle increased to 10 ∘ , the factor decreased by 4.3%; when the angle increased to 15 ∘ , the factor decreased by 7.5%; when the angle increased to 25 ∘ , the factor decreased by 16%; when the angle increased to 30 ∘ , the factor decreased by 21%. Generally speaking, as the joint plane angle increases, the stress intensity factor of the joint plane decreases by varying degrees, and the decrease of the twisted joint factor was significantly larger than that of the transverse joint. When the joint plane angle was 10 ∘ , the maximum decrease in the stress intensity factor was 4.3%; at a 20 ∘ angle, the maximum decrease was 11.4%; at a 25 ∘ angle, the maximum decrease was 16%; at a 30 ∘ angle, the maximum decrease was 21%.
. . Comparative Analysis of Cylindrical Arch Dam
( ) Computation Model. For RCC arch dams, the induced joints are usually located in the bank section. In case of induced joints, consideration should be given to the stress conditions of the arch dam before its first impoundment. This is due to the fact that before the completion of the Mathematical Problems in Engineering 5 impoundment, arch dams are normally in a state of tensile stress due to the construction temperature drop, which is conducive to the opening of the induced joints. This is the optimal time for the effective functioning of induced joints. If the induced joints do not open before the impoundment, after the impoundment, the arch dam is generally under stress due to the loading effect of the upstream water, which makes it very difficult for the induced joints to open and function effectively [15] . Figure 8 shows the detailed model. The temperature drop of 5 ∘ was taken into consideration for the loading conditions. The two sides of the semicylindrical arch dam were constrained, the left side being fully constrained by the bank, and the right side being constrained symmetrically.
( ) Results Analysis. In order to facilitate the comparative analysis of the stress intensity factor of various joint plane angles, the equivalent stress intensity factors of the front edges of the joint planes were averaged, as shown in Table 2 . Generally, as the joint plane angle increases, the average equivalent stress intensity factor of the joint plane decreases correspondingly. In order to study the variations between the stress intensity factor and the changing joint plane angle, the angle of 0 ∘ between the transverse and twisted joints was set as the benchmark. The average equivalent stress intensity factor values for various joint plane angles were normalized. The variation curves are shown in Figures 9-11 .
The normalized equivalent stress intensity factor variation curves show that as the joint plane angle increases, the decrease in the stress intensity factor of the twisted joint plane is more significant than that of the transverse joint plane. At a slope of 30 ∘ , and when the joint plane angle increased to 5 ∘ , the stress intensity factor of the transverse and twisted joint planes decreased by 1%; at a 10 ∘ angle, the factor decreased by 2%; at a 20 ∘ angle, the stress intensity factor of the transverse joint decreased by 2.5%, while that of the twisted joint decreased by 5%; at a 25 ∘ angle, the transverse factor decreased by 3%, while the twisted factor decreased by 8.5%; at a 30 ∘ angle, the transverse factor decreased by 3.5%, while the twisted factor by 14%.
When the slope increased to 45 ∘ while the joint plane angle was 5 ∘ , the transverse joint remained unchanged, while the twisted joint decreased by 1.5%; at a 10 ∘ angle, the transverse joint decreased by 1.5%, while the twisted joint decreased by 3.3%; at a 15 ∘ angle, the transverse joint decreased by 2%, while the twisted joint decreased by 5%; at a 20 ∘ angle, the transverse joint decreased by 2%, while the twisted joint decreased by 8%; at a 25 ∘ angle, the transverse joint decreased by 2.3%, while the twisted joint decreased by 11%; at a 30 ∘ angle, the transverse joint decreased by 5.7%, and the twisted joint decreased by 14%.
When the slope increased to 60 ∘ , while the joint plane angle was 10 ∘ , the transverse joint remained practically unchanged, while the twisted joint decreased by 2%; at a 15 ∘ angle, the transverse joint decreased by 7%, while the twisted joint decreased by 5%; at a 20 ∘ angle, the transverse joint decreased by 7.5%, while the twisted joint decreased by 7%; at a 25 ∘ angle, the transverse joint decreased by 8.4%, while the twisted joint decreased by 12%; at a 30 ∘ angle, the transverse joint decreased by 9%, while the twisted joint decreased by 17%.
Generally speaking, as the joint plane angle increases, the stress intensity factor of the joint plane decreases by varying degrees, and the decrease of the twisted joint is significantly larger than that of the transverse joint. When the joint plane angle is at 10 ∘ , the stress intensity factor decreases by a maximum of 3%. When the joint plane angle is at 20 ∘ , the maximum decrease of the stress intensity factor is by 8%. When the joint plane angle is at 25 ∘ , the maximum decrease of the stress intensity factor is by 12%. When the joint angle is at 30 ∘ , the maximum decrease of the stress intensity factor is by 17%. 
Discussion and Modification of the Existing Equivalent Strength Model of Induced Joints
In order to study the problem of the induced joint cracking and the optimal arrangement of induced joints, Professor Zeng Zhaoyang simplified the induced joint problem into the infinite plate penetrating crack model and the elliptical crack embedded in an infinite body model ( Figure 12 ). According to Zhang Xiaogang et al. [16] , the induced joint equivalent strength models obtained using these two computation models are similar. The model of the elliptical crack embedded in an infinite body can account for both the influence along the minor axis of adjacent induced joints and the far field stress and for the induced joint minor axis effective crack length. Therefore, at present, most equivalent strength equations for induced joints adopt the equivalent intensity calculation model based on the elliptical crack embedded in an infinite body, as shown in
where is the equivalent strength of the induced joint, 1 is the fracture toughness of concrete, is the correction factor that reflects the interaction between the adjacent reserved secondary joints, 0 is the concrete strain softening parameter related to the region dimensions, Φ is the second elliptic integral, is the direction angle, starting with the long axis, and , , are the dimensions and interval spacing of the subjoints shown in Figure 12 .
Based on the double-K fracture theory of concrete [17] [18] [19] [20] [25, 26] , and other scholars from the Dalian University of Technology carried out induced joint cracking tests under varying conditions. The induced joint equivalent strength theory was modified based on the various experimental aspects, including the induced plane type, the sample size effect, the boundary effect, the effective expansion of the crack, and the nominal fracture toughness of concrete. However, the above modifications did not account for the influence of the joint plane spatial formation on the equivalent strength model of induced joints. The square plate and the cylindrical arch dam analysis results show that as the joint plane angle increases, the joint plane stress intensity factor decreases by varying degrees. Moreover, the decrease in the twisted joints is significantly greater than that of the transverse joints. The normalized joint plane stress intensity factors under various conditions are listed in columns (1)∼(5) of Table 3 . As a safety margin, the minimum stress intensity factor values from the first (5) columns are shown in part (6) . The data in column (6) shows that when the joint plane angle is 5 ∘ , the joint plane stress intensity factor decreases to 0.98; when the angle is 10 ∘ , the factor decreases to 0.957; when the angle is 15 ∘ , the factor decreases to 0.925; when the angle is 20 ∘ , the factor decreases to 0.886; and when the angle is 30 ∘ , the factor decreases to 0.791.
From the viewpoint of the induced joint equivalent strength theory, as the joint plane angle continues to increase, it becomes more difficult for the joints to open, which implies a gradual increase of the joint plane equivalent intensity. Therefore, the reciprocal of the normalized stress intensity factor can be used as the correction coefficient of the induced joint equivalent strength for various joint plane angles, which is referred in this study as the spatial formation factor of the joint plane ( ).
As a safety factor, the reciprocal of the normalized stress intensity factor shown in part (6) of Table 3 is used as the joint plane spatial formation factor, as shown in part (7). The distribution curve (Figure 13 ) of the joint plane spatial formation factor of various joint plane angles shows that as the angle continuously increases, the equivalent strength of the twisted joint plane also increases; when the angle is 5 ∘ , the joint plane spatial formation factor is 1.02, which means that 8 Mathematical Problems in Engineering (5); (7) is the joint plane spatial formation factor. the induced joint equivalent strength increases by 2%; when the angle is 10 ∘ , the equivalent strength increases by 4%; when the angle is 15 ∘ , the equivalent strength increases by 8%; when the angle is 20 ∘ , the equivalent strength increases by 13%; and when the angle is 30 ∘ , the equivalent strength increases by 26%.
In order to facilitate its application in design, we used a regression fit function on the joint plane spatial formation factor of various plane angles, and we were able to obtain a best-fit equation, shown as (7), with the correlation coefficient of 0.9995.
( ) = 0.0002 × 2 + 0.0019 × + 1.0026
where ( ) is the joint plane spatial formation factor and is the induced joint plane angle.
Based on the above analysis, we can add the joint plane spatial formation factor to the equivalent strength model of induced joints to reflect its influence on the equivalent strength, as shown in
Conclusions
Based on the analysis presented above, the following conclusions can be drawn from the study:
(1) As the joint plane angle increases, in all cases, the joint plane stress intensity factor decreases by varying degrees. Moreover, the twisted joint decrease is more significant than that of the transverse joint. When the joint plane angle was 10 ∘ , the maximum decrease in the stress intensity factor was 4.3%; at a 20 ∘ angle, the maximum decrease was 11.4%; at a 25 ∘ angle, the maximum decrease was 16%; at a 30 ∘ angle, the maximum decrease was 21%.
(2) Taking into consideration the induced joint equivalent strength theory, as the joint plane angle continues to increase, it is more difficult for the joint planes to open, which implies a gradual increase of the joint plane equivalent strength. The reciprocal of the normalized stress intensity factor can be used as the correction coefficient for the equivalent strength factor of induced joints of various plane angles, which is referred to as the joint plane spatial formation factor ( ), to reflect the influence of various joint plane spatial formations on the induced joint equivalent strength.
(3) As the joint plane angle continues to increase, the equivalent strength of the twisted joint plane also gradually increases. Therefore, the joint plane spatial formation factor can be added to the existing equivalent strength model of induced joints to reflect the influence of the joint plane spatial formation on the equivalent strength, as shown in (8) .
(4) When the joint plane angle exceeds 10 ∘ , the induced joint equivalent strength increases by more than 4%, which is not conducive to the opening of the joints and will lead to joint plane roughness and influence the quality of repeated grouting. At present, the existing design of twisted joints does not exceed 10 ∘ . To summarize the above analysis, the transverse joint layout should be used in the design of induced joints. If the use of twisted joints is necessary, the joint plane angle should not exceed 10 ∘ .
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